A class of generalized convex functions, the hyperbolic{concave functions, is de ned, and used to characterize the collection of Hardy{ Littlewood maximal functions. These maximal functions and the probability measures associated with these maximal functions, the maximal probability measures, are used in representations and inequalities within martingale theory. A related collection of minimal probability measures is also characterized, through a class of hyperbolic{concave envelopes.
Introduction
In this paper, a new class of functions, the collection of hyperbolic{concave functions, is introduced to give natural characterizations of the collections of Hardy{Littlewood maximal probability measures (p.m.'s) and a related collection of minimal p.m.'s. These collections of probability measures play an important part in martingale theory, and other areas of probability theory.
The Hardy{Littlewood maximal p.m.'s can be described as follows. Let In the main section of this paper, Section 4, connections between maximal p.m.'s and hyperbolic{concave functions are given. In Theorem 4.2, it is shown that P 0 is isomorphic to the set of hyperbolic{concave functions :; 1) associated with p.m.'s in P . 
Hyperbolic{Concave Functions
In this Section, the concept of hyperbolic{concave functions is de ned (Definition 2.2); and properties of these functions are given (Lemmas 2.5 and 2.7 and Proposition 2.6). Proofs are facilitated through a key equivalence between hyperbolic{concave functions and convex functions, given in Proposition 2. (ii) Let k 1 ( ) = k( ; a 1 ; b 1 ) and k 2 ( ) = k( ; a 2 ; b 2 ) be two di erent functions in H 0 . Then there is some number x for which either (a) k 1 (x) < k 2 (x) if a 1 < x < x, and k 2 (x) < k 1 (x) if x < x < 1; or (b) k 2 (x) < k 1 (x) if a 2 < x < x, and k 1 (x) < k 2 (x) if x < x < 1. . For each g in G, the function 1=g is de ned on the interval I g := Dom(1=g) = fx : 0 < g(x) < 1g. Observe that I g is nonempty. Also, let w 1 be the extended real number w 1 := supfx : g(x) = limit of g(y) as y # inf(I g ) over y in I g g (6) if this set is nonempty, and = w 0 otherwise.
De nition 2 Let f be any function in G. We say that f is a hyperbolic{ concave function if for any two pairs (x; f(x)) and (y; f(y)) with 0 < f(y) < f(x) < 1 and any associated function k(x) = k(x; a; b) from H 0 satisfying k(x) = f(x) and k(y) = f(y), it follows that k(z) f(z) for all z in x; y]. ) ?1
(from substituting into k(z; a; b) the expressions for a and b given in Lemma
To obtain another useful characterization of hyperbolic{concave functions as a corollary of Proposition 2.3, we introduce the following de nition. We say that function g in G has a hyperbola of support at x in I g if there is a function k in H 0 for which k(x) = g(x) and g k. For each nonconstant function g in G, de ne sets x ? = x ? (g) and x + = x + (g) by x ? := fx : x > w 0 and g(x) < g(y) for all y < xg (8) x + := fx : g(y) < g(x) < 1 for all y > xg and de ne functions ? g and + g on x ? and x + respectively by 
and f can be identi ed from its hyperbolic derivative. q.e.d.
Hyperbolic{Concave Envelopes
In this Section, hyperbolic{concave envelopes are de ned (De nition 3.1), and properties of hyperbolic{concave envelopes are given. These hyperbolic{ concave envelopes have a direct connection to convex envelopes of functions, given in (3.5). For this comparison, we recall the de nition of convex envelopes; and for a class of functions of interest here, we recall some properties of these convex envelopes (for references to these results, see 10, pages 36, 51, 103, 157] and 9, page 21]. For any function f from an interval I to IR which majorizes at least one a ne function on I, the convex envelope of f, written env f, is the function de ned on I by (env f)(x) = supfA(x) : A is an a ne function, A fg:
The basic class of functions of interest in this paper is the class G 1 , the subset of G given by G 1 := fg( ) : g is a left{continuous, nonincreasing function Lemma 12 There is an isomorphism between G 1 and P identi ed by g(x) = x; 1) for g 2 G 1 ; 2 P . To illustrate these ideas, we include the following example. For n 1, let = P n i=0 p i y i where y 0 < : : : < y n and 0 < p i < 1 for i = 0; : : : ; n with p 0 +: : :+p n = 1, and z = point mass at z. Then x; 1) = 0 if y n < x < 1; = P n i=k+1 p i if y k < x y k+1 for k = 0; : : : ; n ? 1; and = 1 if ?1 < x y 0 . 
